Multilevel Models for Complex
Clustering

Cross-Classification and Multiple
Memberships



Clustered Data Structures



Clustered Data Structures

e Most data are hierarchical in nature.

— Lower level units are clustered in higher level units

* Examples:
— Patients clustered in hospitals
— Students clustered in schools
— Students clustered in classrooms
— Repeated measures clustered in persons



Clustered Data Structures

 Examples of clustering in education data:

— Students in Elementary Schools:

ES1 ES2 ES3 ES4
A B C D E F G H I J K L M N O P

— Students in Middle Schools then High Schools:

A A A A
AANA AA | A

Student M N O P

mentary School

Student

High School



Clustered Data Structures

* Multilevel models are good for clustered data.

e But, traditional multilevel models assume pure
clustering of lower level units in higher level
units.

— e.g. Pure clustering of students in schools.



Clustered Data Structures

* Today I’'m going to talk about models that

don’t require pure clustering of lower level
units in higher level units.

e Specifically, I'll discuss:

— Multiple membership random effects models,
(MMREMs).

— Cross-classified random effects models, (CCREMSs).



Multiple Membership Random
Effects Models

Pure Clustering
VS.
Multiple Membership



Clustered Data Structures

e Students clustered in schools:

— Network graph

Elementary School ES1

ES2

AN NN

Student A B C D

E F G H

— Network table
School
1 2 3 4
A,B,C,D
E,F,G,H
,J,K,L

M,N,O,P




Pure Clustering

* Pure clustering of students in schools
— What makes the clustering pure?

— Each student attends a single school.

Elementary School

ES1 ES2 ES3 ES4
A B C D E F G H I J K L M N O P

— Each lower-level unit is a member of a single
higher-level unit.

Student



Pure Clustering

— Suppose | know the school(s) each student
attended in the fall and spring semesters.

Spring School
1 2 3 i
Fall School
1 A,B,C,D
2 E,F,G,H
3 ,J,K,L
4 M,N,O,P

— Each student’s fall school is the same as their
spring school.

e Students are purely clustered in schools.



Pure Clustering

* |f there’s pure clustering, | can fit the following
traditional multilevel model:

Yij =7/00+M0j+ez'j

* Where i indexes the student and j indexes the
school and: u,, ~N(0,7,,) and e, ~N(0,0")

* The intra-class correlation is given as:

1CC = — Lo

2
Ty + O



Impure Clustering

 What would make the clustering impure?

— |If some students attended multiple schools:

Elementary School

%\%\/&ﬂ\

Student A B C D M N O P

— Students F, G and L attend multiple schools in this
case.

— This is an example of multiple membership



Impure Clustering

— In this case, the fall and spring schools differ for
some children.

Spring School
1 2 3 4
Fall School
1 A,B,C,D
2 F E,H G
3 ,J,K L
4 M,N,O,P

— Students F, G and L are mobile students.

* j.e. They are members of multiple schools.



Impure Clustering
Options for dealing with mobile students:

— Delete mobile students from the dataset

Elementary

school A %\ %\ AR

Student A B C D M N O P

— Ignore mobility

%\%\%\ﬂ\

Student A B C D M N O P

— Fita MMREM

mmmﬂ\

Student A B C D M N O P

Elementary School

Elementary School



MMREM Example 1

Estimating Gender and Charter
School Effects



MMREM

e Suppose students could attend, at most, 2
schools during a data collection period.

%\%\mﬂ\

Student A B C D E M N O P

Elementary School

* Atwo-level MMREM can be given as follows:

Yy = Voo + Wy toj, + Wy Uy, + €y

/ 1 ,\2
Weight assigned to Weight assigned to

the random effect the random effect
of school j, of school j,



MMREM

e Consider student F who attended ES1 and ES2

Elementary School

ES1 ES2 ES3 ES4

Student A B C D E F G H I ] K L M N O P

 His outcome could be modeled as follows:

_ % %
YF{ES],ESZ} =Yoo +0.50% 156 +0.50% 06, + €r(ES1,ES2)

* |I've given equal weight to the effects of ES1
and ES2.



MMREM

e Suppose we knew student F attended ES1 for
twice as long as ES2

Elementary School

ES1 ES2 ES3 ES4

Student A B C D E F G H | J K L M N O P
* His outcome could be modeled as follows:

_ %X *
YF{ESI,ESZ} =Yoo +2/3%Uypg +1/3% 1y, + €r(ES1,ES2)

* |'ve chosen weights that reflect the amount of
time the student spent in each school.



MMREM
* Consider student A who attended ES1 only:

Elementary School

ES1 ES2 ES3 ES4

Student A B C D E F G H I J K L M N O P

 His outcome could be modeled as follows:

_ % %
Y gsty = Voo t 1L.O®ugpg +0.0% 0, + € A(EST)

e The MMREM simplifies to a traditional MLM
when the student attends a single school.



Example data:

MMREM

Student Y School1l | School 2 Weight 1 | Weight 2
A 100 1 1 1 0
F 95 1 2 0.5 0.5
G 90 2 3 0.5 0.5

Elementary School

Student

ES1 ES2 ES3 ES4
A B C D E F G H I J K L M N O P




MMREM

e Suppose students could attend, at most, 4
schools during a data collection period.

— i.e. Some students attend 4 different schools.

e The MMREM could be given as follows:

Yiijy = Voo + Wy o, + Wy Uy, + Wy lo o + W Uy, + €y

* More weights are added but the weights
should still sum to 1.



MMREM

e For someone who attended 4 different
schools:

Y.

iy =Yoo ¥/ 4uy, +1/4uy, +1/4u,, +1/4u,, +e

i{j}
* And for someone who attended only 1 school:
Y

_ s s 2 2
iy =Yoo 1%y, + 0%y, + 0%y, + 0% 0y, +e,,,

* Which simplifies to a traditional MLM:

Y = Voo +Upj, + €



MMREM

* We can condense the following notation:

Yijy = Voo + Wy o, + Wy Uy, + Wy oy + W Uy + €

* To:

Yi{j} =Yoo T Zwihuo;z T€n
h s

* Where the weights always sum to 1:

Zwih =1
Sy



MMREM

* So, an unconditional MMREM is typically given
as:

Y =Vt sz’hu% TE€n
=ni

» Where: u,, ~N(0,7,,) and e, ., ~N(0,0%)

AW

* And the intra-class correlation is given as:

1CC = — Lo

2
Ty + O



MMREM

Real Data Example

* | have a reading test score for 3,022 students.

* The students attended as many as 4 schools
across the data collection period.

1 School: n = 2,496
2 Schools: n=472
3 Schools: n=52

4 Schools: n=2



MMREM

* Here are the reading test scores:

Reading Test Score
Distribution

440

—

330+

220+ —

I I :
37 -28 -19 -09 00 0.9 1.9 2.8 3.7

Frequency

Reading Test Score




MMREM

* I’'m going to fit the following unconditional
MMREM:

Yi{j} =Yoo TW;

i Woj, T Wy, Uy, T WU, + Wy Uy, +€5

k) Us [y

* | want to determine the proportion of the
variance in reading test scores that is between

schools.

ICC = 2

2
Ty +O



MMREM

e Results, (from MLwiN):

Reading, ~ N(XB, Q)
Reading, = f3,cons,

_ ‘ @,
Bo; =-0.015(0.040) + oWy + ey, Too

e -~ @y . AP = |
_ll(&)sclzoolj(z)] N(O., Qu) L’ [0168(0026)]

e, | “NO Q) Q.7 [0838(0.022)] < o7

Deviance(MCMC) = 8041.698(3022 of 3022 cases in use)

e ICC=.168/(.168 +.838) = 0.17



MMREM

e Suppose | ignore student mobility and
acknowledge only the FIRST school that a
student attended.

* This model would be given as follows:

Yz‘j =Yoo TUy; TE€;

* This is just a traditional MLM using only the
initially attended school.



MMREM

* Example data:

Student Y School 1
A 100 1
F 95 1
G 90 2

* Here we only acknowledge the initially
attended school.



MMREM

e Results:

Reading, ~ N(XB, Q)
Reading; = j3,.cons,
Bo; =-0.006(0.039) + u, ..o + €,

- N @y . ~Q_ |
_zz(&)schoolj([)] N, Q) : Q. [0.151(0.024)]

ey ~NO Q)1 Q.7 [0.849(0.022)]

Deviance(MCMC) = 8082.605(3022 of 3022 cases in use)

* |CC=.151/(.151 +.849) = 0.15



MMREM

* Failure to model multiple membership
typically results in an underestimate of the
higher-level variance term:

School Student
Variance | Variance DIC
T 0’
MMREM 0.168 0.838 8041
MLM 0.151 0.849 8082

* And a worse fitting model.
— i.e. Higher DIC value.



MMREM

* | could add the student-level predictor Gender
to the MMREM:

Y, iy =Yoo + VioGender; ;, + ZWihuOh T
h=ij}

e Where the Gender effect is modeled as fixed
across schools:



MMREM

e We could also add the school-level variable
charter school status, (Charter).

Yiin =Yoo+ )/loGenderl.{ At Yo ZwihCharterh + Ewihuo,l +e,
h{ '} h={ '}

* We acknowledge that some mobile students
attended both charter and non-charter
schools.




MMREM

e Suppose a student attended two schools for
equal amounts of time.

* We could express the following MMREM:
Y. i =V + VicGender, ., +y, ZwihCharterh + Ewihuo,l +e,
SEE SEE

e As:
Y, a =Yoot v,.Gender; iy + Y01 (0.5% Chazrterj1 +0.5% Charterjz)

+0.5%u,, +0.5%u,, +e,, | T . T
J1 J2 J j, charter J, charter

status status



MMREM

* Example data:

Student Y School 1| School 2 | Weight 1 | Weight 2 | Charter 1| Charter 2| Gender
A 100 1 1 1 0 1 1 1
F 95 1 2 0.5 0.5 1 0 0
G 90 3 0.5 0.5 0 0

 The model for student F would be given as:

Yi{j}

x %
+0.5%u,, +0.5%u,, +e

=Yoo + V10Gender, , +7,,(0.5%1.0+0.5%0.0)

i3

T

Charter 1

|

Charter 2




MMREM

* Example data:

Student Y School 1| School 2 | Weight 1 | Weight 2 | Charter 1| Charter 2| Gender
A 100 1 1 1 0 1 1 1
F 95 1 2 0.5 0.5 1 0 0
G 90 3 0.5 0.5 0 0

 The model for student A would be given as:

Y

i
* x
+1.0%u,, +0.0%uy,, +e,

=Y + Vi0Gender, .,

+7,,1.0%1+0.0*1)

i{j}

Weight 1

|

Weight 2




MMREM

e Results:

Gender effect

Reading, ~ N(XB, Q) /
Reading, = f3)cons,; + -0.437(0.033)Gender, +
-0.077(0.093)Charter, «<—— Charter effect

_ 2),,2
Lo: = 0.184(0.050) + > eschooli(d™ i U +e,,

[u(g.-)schoou(l)] ~NO, 9l 2 0 [0'166(0026)]

[e,] ~NO Q) = Q= [0.792(0.021)]

Deviance(MCMC) = 7870.406(3022 of 3022 cases in use)




MMREM Example 2

Estimating School Effects



MMREM

* Multilevel models are sometimes used to judge
school performance.

— i.e. To estimate “school effects”

* School effect estimates are based on how the
students in a school perform on some outcome.

— e.qg. A standardized test

e So, it’s important to have a clear idea of which
students attended which schools.

— Student mobility is commonly ignored in these
applications.



MMREM
 Consider our illustrative data set:

Elementary School

ES1 ES2 ES3 ES4

Student A B C D E F G H I ] K L M N O P

e Suppose student Fis a really bad student.

* Should ES1 or ES2 get the blame for student
F’s poor performance?

— A traditional MLM would assign the “blame” to
only one of the schools.



Modeling Options

* |n theory, MMREMs give fairer estimates of
school effects when there are mobile
students.

Elementary School

ES1 ES2 ES3 ES4

Student A B C D E F G H I J K L M N O P

* MMREMs acknowledge student mobility when
estimating school effects.



MMREM

e Let’s use the following MMREM to estimate
school effects for the 141 schools in our
dataset.

Y =Voo+ zwihuOh T€
=0

School Effect

e We'll have a school effect estimate for each
school.



MMREM

 MMREM school effect estimates:

MMREM School Effects
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MMREM

* Now let’s ignore multiple membership and
use the following MLM to estimate school
effects for the 141 schools in our dataset.

Kjl - }/OO T uojl T eijl

School Effect

e These school effect estimates don’t
acknowledge student mobility.



MMREM

e MLM school effect estimates:

MLM School Effects
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MMREM

 School effect estimates from the two models:

School Effect Estimates for MMREM and MLM
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MMREM

* In this case, the school effect estimates are
highly correlated, (though not perfectly so).

* However, the dataset has a low mobility rate.
— About 15%

e Between-model differences in the effect
estimates will be greater when the mobility
rate is higher.

— See Leckie (2009)



MMREM

Other examples of multiple membership:

Students taught by multiple teachers.
People work at multiple companies.

Patients treated by multiple doctors/
psychologists

Patients treated in multiple hospitals.
Players play for multiple teams.



Cross-Classified Random Effects
Models

Pure Clustering
VS.

Cross-Classification



Pure Clustering

e Students clustered in Middle Schools then
High Schools

High School

A A A A\

Middle School MS7 MS8

AA N A AA |

Student A B C D E F G H M N O P

* This is pure clustering of students in middle
schools then high schools.



Pure Clustering

 What makes the clustering pure?

— Each student attends a single middle school.

— Each high school is fed from a fixed set of middle
schools — none of which feed any other high
schools.

High School

HS1 HS2 HS3 HS4

Student A B C D E F G H I J K L M N O P

VOV N VNN

Middle School MS1 MS2 MS3 MS4 MS5 MS6 MS7 MS8



Pure Clustering

— Each high school is fed from a fixed set of middle
schools — none of which feed any other high
schools.

High School
1 2 3 4
Middle School
1 A B
2 C D
3 E F
4 G
5 I
6 K L
7 M N
8 O P




Multilevel Models

* With pure clustering | can fit the following
multilevel model:

Yoo = Vooo + Uoor + 7o + €k

* Where i indexes the student, j indexes the
middle school and k indexes the high school.



Multilevel Models

 For this three-level multilevel model:

Yoo = Vooo + Uoor + 7o + €k

 We assume:

oo ~ N(0,7,4) and 7, , ~ N(0,7,,,) and e, ~ N(0,07)

* The Intra-class correlations are:

IcC,, = —luw and ICC,, = —0

2
T,o0o T T, 00 TO T,00 T T, 00 TO

u u

2



Impure Clustering

 What would make the clustering impure?

— Each high school is fed from a set of middle
schools — but some middle schools in that set feed
into other high schools.

High School

HS1 HS2 HS3 HS4

Student A B C D E F G H I J K L M N O P

Middle School MS1 MS2 MS3 MS4 MS5 MS6 MS7 MS8



Impure Clustering

— Each high school is fed from a set of middle
schools — but some middle schools in that set feed
other high schools.

High School

Middle School

W)
m
-

00O NO U A WN R
—
2

M
O P

— Students are cross-classified by middle school and
high school.



Impure Clustering

e Options for dealing with impurity:
— Ignore Middle School
— Ignore High School
— Delete those who make the clustering impure.

— Fita CCREM



CCREM

e The CCREM for this scenario can be written as
follows:

Y0 =Yoo U0+ Ugor + €1y

[\

Middle school High school
effect effect

* Where i indexes student, j indexes middle
school and k indexes high school.

 Here middle school is classification 1 and high
school is classification 2.



CCREM

 Consider student F who attended MS3 and
HS2:

High School

HS1 HS2 HS3 HS4

Student A B C D E F G H N O P

VoY N LN

Middle School MS1 MS2 MS3 MS4 MS5 MS6 MS7 MS8

His outcome could be modeled as follows:

Y uss.ms2) = Yooo + Uonsso T Yoo sz + €rus3.ms2)



CCREM
 For this CCREM:

Y0 =Yoo U0+ Ugor + €1y

 We assume:

oo, ~ N(0,7,4) and u, ;o ~ N(0,7 ) and ¢, ,, ~ N(0,0°)
* The Intra-class correlations are:
T 00 00
ICC,, = ~ and ICC, = >

Tigo +Ti00 + O Tigo +Ti00 + O



CCREM Example 1

Estimating Gender and Charter High
School Effects



CCREM

Real Data Example

* | have a math test score for 3,435 students.

e All students attended one of 148 middle
schools and one of 19 high schools.

e Students are cross-classified by middle school
and high school.



MMREM

Example data:

Student Y MS HS
1 10 1 1
2 6 2 5
3 5 2 5
4 8 3 8
5 4 3 12

* | have the middle school and high school ID
for each student.



CCREM
Crosstabs: Middle School by High School

Columns are levels of MS
Rows are levels of HS .
Middle school
1 2 3 4 5 6
1 N 8 0 0 0 53 1
2 N 0 0 0 0 0 o
o
o 3 N 0 0 0 0 0 1
S
N 4 N 0 0 0 0 0 0
L
oo 5 N 0 0 3 0 0 52
= r |\ e
6 N 0 0 0 1 0 0
7 N 0 7 0 0 0 0
8 N 0 0 0 0 0 0
9 N 45 0 0 6 0 0




CCREM

e |'ll start with the following unconditional
CCREM:

Y0 =Yoo U0+ Ugor + €1

* Where i indexes student, j indexes middle
school and k indexes high school.



CCREM

e Results, (from MLwiN):

Math, ~ N(XB, Q)
Math, = £3,,CONS,

_ () )
LSo; =5-498(0.186) +u omzse T Uorse T €os

1 - By . @ -

Uy | ~ N Q) : Q, 0.411(0.216) | < Teoo
P @y . O 1

_“(5,)‘\15(:)_ N0, ;) : Q, _1.150(0.211)- < Tioo

:eoz] ~NO. Q) - Q.= [8.119(0.205)]<— o2

Deviance(MCMC) = 16940.783(3435 of 3435 cases 1n use)




CCREM

* The Intra-class correlations are:

IcC, =— koo _ all — 042
B T tTt0”  A11+1.15+8.119
T .
ICC,, = A L5 =.119

Tioo +Ti00 + O T A411+1.15+8.119



CCREM

e Suppose | ignored middle school and fit a
model with students nested in high school.

* This model would be given as follows:

Yy =7V tUy +€,

* Where jindexes student and k still indexes
high school.

— This is just a traditional multilevel model.



CCREM

e Results:

Math, ~ N(XB, Q)
Math, = g,,CONS,
Bo; = 5-608(0.166) +uys + e,

_ \ , Between
wDuso] ~NO Q)+ Q= [0.489(0.210)] < HS

_ variagnce
-e 0[_] - N(O‘ Qe) P QT [8989(02 19)]

Deviance(MCMC) = 17291.800(3435 of 3435 cases in use)

* 1CC,, = .489 / (.489 + 8.989) = .052



CCREM

* |gnoring a cross-classified factor typically
results in the inappropriate repartitioning of
variance:

HS MS Student

: . : DIC
variance | variance | variance

CCREM 411 1.15 3.12 16940
MLM with
HS only 439 NA 3.99 17291

* And a worse fitting model.
— Higher DIC



CCREM

* | could add the student-level predictor Gender
to the CCREM!:

Yy =Yoo + V100Gender, + Uyio TUgor T €0

* Where the Gender effect is modeled as fixed
across middle schools and high schools



CCREM

* | could also add the high school-level
explanatory variable high school charter status,
(Charter,).

Y=Vt V100Gender; +y Charter, + Upio TUgor T €1

[

Gender effect HS Charter effect



CCREM
* CCREMs offer many rich modeling possibilities:

— Does the gender effect vary across middle schools
and high schools?

— Is the gender effect smaller in charter high schools?

— Does the charter high school effect vary across
middle schools?

— Is the charter high school effect greater for those
who attended non-charter middle schools?



Cross-Classified Multiple
Membership Random Effects Models



CCMMREM

* Suppose student are cross-classified by middle
school and high school.

* Also, suppose some students attend multiple
high schools:

High School HS4
Student A B C D FGH) ) M N O P

VAR V / V\ v

Middle School MS1 MS2 MS3 MS4 MS5 MS6 MS7 MS8



CCMMREM

e The CCMMREM for this scenario could be
given as follows:

Y. iy = Vooo TUo 0+ ZWihuOOh T €0k
=

 We weight the effects of the high schools that
the student attended.



CCMMREM

e The CCMMREM for student H would be:

Student A B C D F G H) M N O

VoA VV /V\V

Middle School MS1 MS2 MS3 MS4 MS5 MS6 MS7 MS8

Yy usasms2.mszy = Yooo T Yorrsao

K K
+0.5 f“oo,Hsz +0.5 <OO,HS3 T € (Ms4.{HS3, HS4Y)
Weighted effect of Weighted effect of
HS2 HS3



* Example data:

CCMMREM

Student Y MS HS1 HS2 Weight 1 | Weight 2
A 100 1 1 1 1 0
H 95 4 2 3 0.5 0.5

 For non-mobile students, the CCMMREM
simplifies to a CCREM.




Model Estimation



CCMMREM

e Asfaras!| know:

* Cross-classified models can be estimated in:
— SAS
— HLM
— MLwiN
— WinBUGS

* Multiple Membership models can be estimated in:
— MLwiN, (using MCMC methods)
— WinBUGS, (using MCMC methods)
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